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Cilia and flagella exhibit regular bending waves that perform mechanical work on the surround-
ing fluid, to propel cellular swimmers and pump fluids inside organisms. Here, we quantify a
force-velocity relationship of the beating flagellum, by exposing flagellated Chlamydomonas cells
to controlled microfluidic flows. A simple theory of flagellar limit-cycle oscillations, calibrated by
measurements in the absence of flow, reproduces this relationship quantitatively. We derive a link
between the energy efficiency of the flagellar beat and its ability to synchronize to oscillatory flows.
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Introduction. Motile cilia and flagella are slender cell
appendages of length 10 − 100µm that exhibit regular
bending waves with typical frequencies of 10−100 Hz [1],
rendering the beating flagellum a prime example of a
micro-mechanical oscillator. The flagellar beat propels
eukaryotic microswimmers in a liquid, including sperm
cells, non-bacterial pathogens, and green alga. In the
human body, self-organized metachronal waves of short
flagella termed cilia transport fluids, e.g. mucus in the
airways [2] and cerebrospinal fluid in the brain [3]. The
cytoskeletal core of cilia and flagella, the axoneme, was
highly conserved in evolution, from protists to plants and
animals [4].
Flagellar bending waves arise by a dynamic instability
in the collective dynamics of 104 − 105 molecular dynein
motors, which are regularly spaced along the flagellar ax-
oneme [5]. This motor activity empowers the eukaryotic
flagellum to exert active forces on the surrounding liquid
and to set it in motion. Conversely, hydrodynamic fric-
tion forces acting along the flagellum feedback on its mo-
tor dynamics and change speed and shape of the flagellar
beat. Previous research reported a decrease of wave am-
plitude and frequency in swimming medium of increased
viscosity [6, 7]. A force-velocity relationship of the flag-
ellar beat for a time-varying load has been measured in
a swimming alga by exploiting rotational self-motion of
the cell [8]. Additionally, external fluid flow can perturb
the shape of the beat [9]. These experiments indicate an
intricate flagellar load-response, which represents a cell-
scale counterpart of the known force-velocity relations
of individual molecular motors [10] or the torque-speed
relation of the bacterial rotary motor [11].
The ability of the beating flagellum to respond to
external forces forms the basis of the remarkable phe-
nomenon of flagellar synchronization by mechanical cou-
pling [12, 13]. On epithelial surfaces, collections of cilia
phase-lock to a common beat frequency [2] despite active
noise [14–16]. The result are metachronal waves of coor-
dinated cilia beating, which facilitate efficient fluid trans-
port [17]. Pairs of flagella can synchronize their beat, e.g.
in the bi-flagellated green alga Chlamydomonas, which
constitutes a model system for the study of flagellar syn-
chronization [8, 16, 18]. Here, we present a novel and ver-
satile approach that allows us to predict the response of
flagellar bending waves to external flows from recordings
of their unperturbed dynamics, using Chlamydomonas as
model system.
We first characterize how flagellar bending waves
change phase speed and amplitude in response to ex-
ternal forces, by exposing Chlamydomonas cells to con-
trolled homogeneous flows. We complement these exper-
iments by a theoretical description of the flagellar beat
as a generic limit-cycle oscillator, which may be consid-
ered a realistic analogue of previous idealized models that
represented the beating flagellum by a sphere revolving
around a circular orbit [19–22]. This theory, parameter-
ized using measurements in the absence of flow, predicts
deviations of perfect limit-cycle dynamics in the presence
of external perturbations in quantitative agreement with
experiments. Our theory further allows to computation-
ally predict flagellar synchronization in external oscilla-
tory flows.
Experimental setup. Single cells were held in a mi-
cropipette in a region of homogeneous flow inside a mi-
crofluidic channel, see Fig. 1(a). High-speed recordings (1
kHz) of flagellar beating were performed for different ex-
ternal flow velocities u, see Supplemental Material (SM)
for further details [23]. For all cells analyzed, both flag-
ella were beating in synchrony ≥80% of the time, with a
common frequency of f0 = 49.3±5.7 Hz when no external
flow was applied (mean±s.e., n=6). The shape of flagel-
lar centerlines was tracked using custom software and is
fully characterized by its tangent angle profile ψ(s, t) as a
function of arclength s and time t [24], see Fig. 1(b). We
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2limited our analysis to datasets with successful tracking
of ≥80% of the flagellar length in ≥80% of all frames for
one flagellum, corresponding to the unbiased selection
of n=6 high-quality datasets. To illuminate the load-
response of the flagellar beat during different phases of
its beat, we first need to introduce the concept of flagellar
phase [8, 9, 16].
Limit-cycle reconstruction. We map the periodic dy-
namics of the flagellar tangent angle ψ(s, t) on a complex
oscillator variable Z=A exp(iϕ) with oscillator phase ϕ
and normalized amplitude A, see Fig. 1(c), using a limit-
cycle reconstruction technique [15, 25]. The logic is that
in the absence of intrinsic fluctuations and external per-
turbations, flagellar oscillations can be characterized by a
phase ϕ that increases at a constant rate equal to the an-
gular frequency of the flagellar beat, ϕ˙ = 2pi f0, and con-
stant amplitudeA = A0. In short, we used principal com-
ponent analysis to express measured tangent angle pro-
files as superposition of two fundamental shape modes,
ψ(s, t) ≈ ψ0(s) + β1(t)ψ1(s) + β2(t)ψ2(s), which was fol-
lowed by a normalization step that defines Z(t) in terms
of Zraw(t) = β1(t) + iβ2(t). Specifically, we find that
Zraw(t) jitters around a limit cycle Zraw(ϕ). This limit-
cycle can always be parametrized by a phase ϕ such that
the mean phase speed is independent of ϕ [26]. We assign
a unique phase ϕ to every flagellar shape by projecting its
‘shape point’ Zraw(t) radially onto this limit-cycle. The
normalized amplitude A = |Zraw|/|Zraw| gauges devia-
tions from the limit-cycle in the radial direction. Phase
and amplitude allow a faithful reconstruction of wave-
form, see Fig. S4 in SM. We used the same set of shape
modes for all data-sets: this enables a direct comparison
of waveform changes among different flagella.
External flow changes speed and amplitude of flagellar
oscillations. In the presence of external flow with veloc-
ity u, we observe consistent changes of flagellar bending
waves. Fig. 1(d) shows the change in phase speed ϕ˙ un-
der external flow u > 0: at ϕ = 0 (during the effective
stroke), the beat speeds up, while it slows down at ϕ = pi
(recovery stroke). The recovery stroke approximately
lasts 0.80·pi − 1.75·pi (corresponding to the part of the
beat cycle, during which the center-of-mass of the flagel-
lum moves up, relative to the long axis of the cell body).
Next, for each value of the phase ϕ, we performed a lin-
ear regression of instantaneous phase speed versus flow
velocity, ϕ˙ ≈ 2pif0 (1 + χϕ u), yielding two fit parame-
ters f0 and χϕ, see Fig. 1(d). We thus obtained a phase-
dependent susceptibility χϕ(ϕ) for the phase speed, and
similarly χA(ϕ) for the amplitude.
Generic theory of flagellar oscillations. We present a
generic theory to describe flagellar bending waves, which
is independent of specific assumptions on the detailed
mechanisms of motor control inside the flagellum, to
predict the measured susceptibilities χϕ (ϕ) and χA (ϕ).
We build on the basic fact that regular flagellar bend-
ing waves are stable in time, i.e. represent a limit-cycle
FIG. 1: Load-response of the flagellar beat to controlled
microfluidic flows. (a) Chlamydomonas cell held in a mi-
cropipette exposed to flow in a microfluidic channel (velocity
u at channel midline). (b) Flagellar shapes and their tan-
gent angle profiles ψ(s, t). (c) We map each flagellar shape
on a shape point Z = A exp(iϕ), see text. This defines an
instantaneous phase ϕ and amplitude A of the flagellar beat,
as well as a limit-cycle of flagellar oscillations (black) that
averages out fluctuations and measurement noise. Example
flagellar shapes are shown for reference shape points (colored
dots). (d) Susceptibilities χϕ and χA characterize the change
of instantaneous phase speed and amplitude as function of
external flow u. Error bars=s.e.m. for 5 sub-datasets.
oscillator. We will stick to the simple, one-dimensional
case of a scalar amplitude, inline with our analysis of
experimental data. Thus, we can describe flagellar dy-
namics of a Chlamydomonas cell by a minimal number
of degrees of freedom. We delimit ourselves to the partic-
ularly simple case of perfectly symmetric beating. Thus,
for a freely swimming cell, the phase space vector reads
q = (ϕ,A, y). Here, ϕ and A denote phase and ampli-
tude of the flagella, while y denotes the position of the
cell body center, where we chose the y-axis parallel to the
long axis of the cell body, see Fig. 1(a,b). By symmetry,
the cell swims along the y-direction.
We now derive equations of motion for the swimming
cell from a balance of forces between active flagellar driv-
ing forces Qj(ϕ) and friction forces Pj(ϕ), using a general
framework of Lagrangian mechanics for dissipative sys-
tems [27]. The total rate of dissipationRtot of the system
consisting of flagella and surrounding fluid can be written
as
Rtot = P · q˙ = Pϕϕ˙+ PAA˙+ Py y˙, (1)
where the generalized friction forces Pj are conjugate
3to the generalized velocities q˙j , j ∈ {ϕ,A, y}. For ex-
ample, Pϕϕ˙ would be the rate of dissipation associated
with advancing both flagella in the beat cycle at speed ϕ˙,
while keeping all other degrees of freedom fixed. Friction
forces will comprise both a contribution from hydrody-
namic friction of the surrounding viscous fluid, as well as
possibly internal friction inside the beating flagella.
Any flagellar dynamics will set the surrounding fluid in
motion, and will thus induce viscous dissipation. In the
overdamped regime of low Reynolds number, applicable
to cellular swimmers [28], hydrodynamic friction forces
are linearly related to the velocities, i.e. P(h) = Γ(h) · q˙.
The hydrodynamic friction matrix Γ(h)(q) can be cal-
culated by solving the Stokes equation with boundary
conditions on the surface of the swimmer specified by q
and q˙; Fig. 2(a) shows an example with q = (pi, 1, 0) and
q˙ = (2pif0, 0, u). In principle, these generalized friction
forces can be computed for any beat pattern parame-
terized by phase ϕ and amplitude A. Here, we employ
the beat pattern shown in Fig. 1(c) and a fast boundary
element method [29, 30]. As technical side-note, in sim-
ulations involving large flow velocities (e.g. for flagellar
stalling studied below) the range of the flagellar ampli-
tude was constrained to account for steric interactions
between flagella and cell body.
In addition to hydrodynamic dissipation in the sur-
rounding fluid, energy is also dissipated inside the beat-
ing flagellum itself. This intraflagellar friction combines
effects of incomplete energy conversion by molecular mo-
tors and possibly dissipation by viscoelastic structural
elements in the flagellar axoneme such as nexin linkers.
In the absence of detailed knowledge on this intraflagellar
friction, we make the simple ansatz of a rate of intraflag-
ellar dissipation R(i) proportional to the total dissipation
rate
R(i) = (1− η)Rtot. (2)
Here, η represents an efficiency of chemo-mechanical en-
ergy conversion. The total friction matrix can then be
written as Γij = Γ
(h)
ij /η, with i, j ∈ {ϕ,A} and the total
friction forces read P = Γ · q˙.
The equation of motion of flagellar dynamics is speci-
fied by a balance of generalized forces
Qϕ = Pϕ and QA = PA, (3)
where the active driving forces Qϕ and QA conjugate to
ϕ and A coarse-grain active motor dynamics inside the
flagellum, see also Fig. 2(b). Below, we calibrate these
active driving forces using measured limit-cycle dynam-
ics in the absence of flow. The force Py conjugate to y
corresponds to the y-component of the total force acting
on the cell. For a freely swimming cell, Py=0. For a
clamped cell, y is constant and Py represents the con-
straining force required to ensure this constraint. The
case of an external flow with constant velocity u is incor-
porated in this formalism by setting y˙ = u.
By convention, the unperturbed limit-cycle dynam-
ics of the flagellar beat for u = 0 is characterized
by ϕ˙ = 2pi f0 and A = A0. This requirement
uniquely determines Qϕ(ϕ) and QA(ϕ,A) for A =
A0, as Qϕ(ϕ) = Γϕϕ(ϕ,A0)2pif0 and QA(ϕ,A0) =
ΓAϕ(ϕ,A0)2pif0. Next, we extend the domain of defi-
nition of QA to the case A 6= A0 by making the simple
ansatz of an effective amplitude spring acting on A−A0
QA(ϕ,A) = QA(ϕ,A = A0)− kA(ϕ)(A−A0). (4)
This amplitude spring with spring constant kA ensures
the stability of flagellar limit-cycle oscillations with re-
spect to amplitude perturbations, which has been ob-
served experimentally [9]. In a simple phenomenological
description, amplitude perturbations decay with a char-
acteristic relaxation time τA, τA A˙ = A0−A. For simplic-
ity, we assume that τA does not depend on phase ϕ. A
value of τA = 5.9 ms has been previously determined by
a measurement of the correlation time of amplitude fluc-
tuations [15]. Equation (4) uniquely specifies a choice for
the phase-dependent amplitude stiffness kA(ϕ), see SM.
All quantities in our theoretical description of flagellar
limit-cycle dynamics are now calibrated, except for the
unknown flagellar efficiency parameter η, where we used
only beat patterns measured in the absence of external
flow. Next, we compare theory and experiment for the
load-response of flagellar oscillations in the presence of
external flow, and determine η by a simple fit.
The load-response of the beating flagellum. We char-
acterize the load-response of the flagellar beat to external
flow in terms of phase-dependent susceptibilities χϕ(ϕ)
and χA(ϕ) for phase speed and amplitude, respectively,
as introduced already in Fig. 1(d). An average of χϕ for
n=6 cells is shown in Fig. 2(c), revealing a reproducible
response of flagellar bending waves to external flow. Dur-
ing the effective stroke (ϕ ≈ 0), we observe an increase in
phase speed (χϕ > 0), whereas the recovery stroke slows
down (χϕ < 0 for ϕ ≈ pi). These two effects partially
cancel, resulting in a net change of the beat frequency
by a few percent only, see also Fig. 2(d). Our analy-
sis highlights the importance of a sub-cycle analysis of
the flagellar load-response. For the amplitude, we find
χA > 0 for ϕ ≈ pi, i.e. the flagella are closer to the cell
body during the recovery stroke. Our simple theory cap-
tures the principal features of the experimentally deter-
mined phase-dependence, yet not all details can be repro-
duced. A one-parameter fit provides an estimate for the
flagellar efficiency parameter η, yielding η = 0.21 ± 0.06
(mean±s.e., n=6). The flagellar susceptibilities used to
estimate η are robust with respect to uncertainty in τA
or using a different waveform, see Figs. S5 and S6 in SM.
Stalling of flagellar oscillations. For strong external
flow, we find that the recovery stroke slows down both
in theory and experiment – up to a point, where the
flagellar beat comes to a halt. While increasing flow ve-
locity u in experiments, we consistently observed first a
4slight increase of beat frequency f , followed by a rapid de-
crease; two generic cases are shown in Fig. 2(d). Above
a critical flow velocity uc, the flagellar beat arrests in
the recovery stroke. Upon decreasing u, flagella repro-
ducibly resumed regular beating. Occasionally, a slight
hysteresis was noticeable, see e.g. Fig. 2(d)- 1©. In 10
out of 16 cis-flagella (yet not in trans-flagella), we ob-
served a different, non-planar mode of flagellar beating
with distinctly different frequency for intermediate val-
ues of u, see e.g. Fig. 2(d)- 2© and Supplemental Movie
S1. Otherwise, we did not observe significant differences
in the load-response of cis- and trans-flagella. For neg-
ative flow velocities, the flagellar beat stalls already at
u ≈ −0.5 mm/s, see e.g. Fig. 2(d)- 3© and Supplemental
Movie S2.
Our simple theory predicts a similar dependence of
beat frequency f on flow velocity for u>0, with stalling
at a critical flow velocity uc = 14 mm s
−1, see Fig. 2(d).
This flagellar stalling displays characteristic signatures of
a saddle-node bifurcation. Intriguingly, our simple the-
ory predicts flagellar stalling for u>0 much better than
for u<0, when stalling occurs during the effective stroke,
characterized by low flagellar curvature. Flagellar curva-
ture has been previously proposed as key determinant of
flagellar motor control [31, 32]. We anticipate that flag-
ellar load-responses and stalling can provide a test case
for refined theories of flagellar beating [24, 31–34].
Flagellar phase-locking to external driving. Recent
experiments by Quaranta et al. demonstrated phase-
locking of Chlamydomonas flagellar beating to external
oscillatory fluid flow [35]. In accordance, our theory pre-
dicts similar phase-locking, see Fig. 3. The width of the
resultant Arnold tongue agrees with measurements from
[35] within 20% (using η=0.2). Naturally, this flagellar
synchronization relies on the fact that beating flagella re-
spond to changes in hydrodynamic load. The width of
the Arnold tongue would approach zero for χϕ=χA=0,
i.e. for a flagellum with vanishing energy efficiency η=0.
On the other hand, assuming maximal efficiency η=1
would result in an Arnold tongue that is too wide to ac-
count for the experimental observations. Likewise, syn-
chronization of cis- and trans-flagellum depend on flagel-
lar load-responses [8, 16]; for this, phase-dependent driv-
ing forces and non-isochrony of flagellar oscillations (see
Figs. S3 and S8 in SM) are relevant [20, 21].
Discussion. We report direct measurements of dy-
namic load-responses in an evolutionary conserved motor
system, the beating flagellum. We characterized the flag-
ellar beat as a limit-cycle oscillator that displays charac-
teristic phase and amplitude susceptibilities in response
to an external force. Motivated by this description, we
formulated a theory of flagellar dynamics in terms of a
phase-amplitude oscillator, which is calibrated by experi-
mental data in the absence of external flow. This minimal
theory, based on the assumption of small perturbations of
flagellar limit cycle oscillations, is able to predict key fea-
.
FIG. 2: Theory and experiment of flagellar load-response.
(a) We computed hydrodynamic friction forces acting on a
beating flagellum numerically by solving the Stokes equation
for viscous flow. (b) We introduce a generic theoretical de-
scription of flagellar oscillations as a limit-cycle oscillator with
phase ϕ and amplitude A. An active flagellar driving force
Qϕ coarse-grains active motor dynamics inside the flagellum.
A constraining force QA for the amplitude ensures stability
of the limit-cycle. These phase-dependent active forces are
uniquely calibrated from experimental data in the absence
of flow. (c) Phase-dependent susceptibilities χϕ and χA for
phase speed and amplitude, respectively. Comparison of ex-
periment (blue, mean±s.e.) and theoretical prediction (red)
yields η = 0.21 ± 0.06 (mean±s.e., n=6) for the energy ef-
ficiency of the flagellar beat. The duration of effective and
recovery stroke are indicated by green and red shading, re-
spectively. (d) External flow induces stalling of flagellar os-
cillations beyond a critical flow velocity uc. Top,middle: typ-
ical frequency responses for three flagella, numbered 1,2,3.
Bottom: theory prediction of frequency response and stalling
(red); inset: histograms of experimentally measured uc (u>0:
blue, n=33 flagella, u<0: lilac, n=16 flagella).
tures of the flagellar load-response, such as acceleration of
the effective stroke and deceleration of the recovery stroke
by external flow, as well as reversible stalling of flagellar
oscillations beyond a critical flow velocity, in quantita-
tive agreement with experiment. Details of the phase-
dependent load-response, hysteresis of flagellar stalling,
switching to a second, non-planar mode of beating, as
well as stalling at surprisingly small negative flow veloci-
ties, are not accounted for by our simple theory, yet may
be informative for refined theories of flagellar beating and
the underlying dynamics of molecular motors [24, 31–34].
By comparison of theory and experiment, we obtained
5an estimate η = 0.21±0.06 for the energy efficiency of the
flagella beat, defined as the ratio of mechanical work per-
formed by the beating flagellum on the surrounding fluid
divided by the chemical energy input required to sustain
its beat. Previous estimates for η reported values in the
range η = 0.1 − 0.4 [36–39], see also SM. In our theory,
we assume an active flagellar driving force that is inde-
pendent of external load. This assumption is consistent
with recent experiments, which show that flagellar ATP
consumption is rather insensitive to beat frequency and
mechanical load [39]. Accordingly, any increase in load
is compensated by a reduction in speed, not an increase
in fuel consumption.
The load-response of beating flagella reported here is
an essential prerequisite for flagellar synchronization by
mechanical coupling, [40], without which hydrodynamic
synchronization would be impossible.
FIG. 3: Phase-locking of Chlamydomonas flagellar beat to
external oscillatory flow. (a) Sketch of original experiment
[35]. (b) Computed Arnold tongues as function of flow fre-
quency f and amplitude UF for different values of the flagellar
energy efficiency η. Dashed lines indicate the phase-locking
region measured in [35]. Parameters: U0 = 0.11 mm s
−1,
f0 = 50 Hz intrinsic frequency of flagellar beat.
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